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(^ ■ Abstract 

The concept of superintegrability in quantum mechanics is extended to the case of 
a particle with spin s = 1/2 interacting with one of spin s = 0. Non-trivial superinte- 

" >^ , grable systems with 8- and 9-dimensional Lie algebras of first-order integrals of motion are 

cn ' constructed in two- and three-dimensional spaces, respectively. 

o 
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i> : I Introduction 

p 

A superintegrable system in classical and quantum mechanics is a system with more integrals of 
KA \ motion than degrees of freedom. A large body of literature on such systems exists and is mainly 

jj \ devoted to quadratic superintegrability. This is the case of a scalar particle in a potential V{f) 

in an n- dimensional space with k integrals of motion, ra + 1 < k < 2n — 1, all of them first- 
or second-order polynomials in the momenta (see e.g.^"^ and references therein). Maximally 
superintegrable systems have 2n — 1 integrals of motion and are of special interest. In classical 
mechanics all bounded trajectories in such systems are closed. In quantum mechanics these 
systems have degenerate energy levels and it has been conjectured that they are all exactly 
solvable.^ 

Quadratic integrability for a Hamiltonian of the form 

H = \v' + V{t) , (1) 

i.e. the existence of n second-order integrals of motion in involution, is related to the separation 
of variables in the Hamilton-Jacobi, or the Schrodinger equation, respectively. Quadratically 
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superintegrable systems are multiseparable. The non-abelian algebra of integrals of motion 
usually has several non-equivalent n-dimensional Abelian subalgebras, each of them leading to 
the separation of variables in a different coordinate system. 

The situation changes when one goes beyond Hamiltonians of the type of ([1]), or considers 
higher-order integrals of motion. If a vector potential is added in ([1]), corresponding to velocity 
dependent forces, e.g. a magnetic field, then second-order integrability no longer implies the 
separation of variables^"^° and the same is true in the case of third-order integrals of motion for 

The purpose of this contribution is to report on a research program which investigates the 
concepts of integrability and superintegrability for systems involving particles with spin. 

Here we restrict ourselves to the simplest case of the interaction of two particles with spin 
and spin 1/2, respectively. We write the Schrodinger-Pauli equation including a spin-orbit 
term as 



H"^ 



lA + Vo{f) + ^Wr),a.L 



^, 



(2) 



where {, } denotes an anticommutator, ai, (T2, (T3 are the usual Pauli matrices, \l/ is a two- 
component spinor and L is the angular momentum operator. The Hamiltonian given in ([2]) 
would describe, for instance a low energy (nonrelativistic) pion-nucleon interaction. In this 
paper we restrict ourselves to first-order integrability. Thus we require that the integrals of 
motion should be first-order matrix differential operators 
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Vl^jo^/., 



(3) 



11=0 k=i 



tM=0 



with (To = /2. For particles with spin zero only components with /x = in ([3]) would survive and 
the condition [-ff, X] = (with Vi = 0), would imply a simple geometric symmetry. 

II The Two-Dimensional Case 

Let us first consider the case when motion is constrained to a Euclidean plane. We assume 
\l/(r) = \I'(x,j/), set p3 = 0, z = and write the Schrodinger-Pauli equation given in ([2]) as 



H^ 



-(pi^+P2^) + Vo{x,y) + Vi{x,y)asL3 + -a3{L3V,{x,y)) 



^ 



(4) 



with 



The operator 



pi = -idx, 
reduces to 



P2 



-id, 



yi 



L3 = i{yd^ - xdy) . 



X = {AoPi + BoP2 + <l)o)I+{Aipi + Bip2 + (l)i)a3 

+i [{{p,Ao) + {p2Bo))I + ((piAi) + {p2B,))a3] . 



(5) 



The commutativity condition [H, X] = implies 12 determining equations for the 8 functions 
A^{x,y), B^{x,y), (f)^{x,y) and V^{x,y) (/i = 0, 1). From these we obtain 



Af, = uj^y + a^. 



B„ 



'UJ^x + b^ , 



Vi = V, + -, Vo = V, + {l + '-){-'^ + aV,). (8) 



{ujf,y + af,)Vo,x + {-uj^,x + &^)K),y = 6^^i-u{x(l)u,y - y4>u,x)Vi , (6) 

where cu^, a^ and b^ are real constants and (/i, z^) = (0, 1). The above equations can be simphfied 
by rotations in the a;y-plane and by gauge transformations of the form 

H=U-'HU, ^7=(^"J ^1^, a = a{0, e=^- (7) 

The gauge transformations leave the kinetic energy invariant but modify the potentials 

-, K. = H + (l + ^)(-^ 

x^ x^ I x^ 

The results obtained by analyzing ([6]) can be summed up as follows: 

1. Exactly one superintegrable system with Vi 7^ exists up to gauge transformation, namely 

^ = "2^ +2^'(a;' + ?/')+ 70^3^3, 7 = const. (9) 

It allows an 8-dimensional Lie algebra L of first-order integrals of motion with a basis 
given by 

L± = i{ydx - xdy) (/ ± 0-3) , 
y± = itdy±^x)il±as), 

I± = /±^3. (10) 

The algebra C is isomorphic to the direct sum of two central extensions of the Euclidean 
Lie algebra e(2) 

/:~e+(2)©e_(2), e±(2) = {L±,X±, F±, J±} . (11) 

The two Casimir operators of C and the Hamiltonian (Q are 

C±=Xl + Yi±A^L^I^, H = Uc+ + C^). (12) 

o 

Conjugacy classes of elements of the algebra C can be represented by 

Xi = L+ + AL_, X2 = L+ + AX„, X3 = X+ + AX_ , A G R . (13) 

2. Integrable systems (with one integral of motion in addition to H) exist. They are given 
by 



X = {ijjQ + uJia'i)L'i , ujfj_ = const , /x = 0, 1 . (14) 



(b) 



K = Vl(a;), Vo = ^Vi\x) + F{x) 



X = -idy - a^i I Vi{x)dx . (15) 



Thus, the superintegrable system ([H]) involves one arbitrary constant 7. The integrable systems 
( TT^ and (TTSjl each involve two arbitrary functions of one variable. 

The integrals of motion can be used to solve the Schrodinger-Pauli equation for the super- 
integrable system (in several different manners). In the two integrable cases (fT4|) and (TT5|) they 
can be used to reduce the problem to solving ordinary differential equations. For all details see 
the original article. ^^ 

Before going over to the case n = 3 let us mention that two important features that simplify 
the case n = 2. The first one is that the Hamiltonian given in (jl]) is a diagonal matrix operator 
(since (T2 and a^ do not figure). Hence we could restrict our search to integrals X that are also 
diagonal. The second is that there exists a zeroth-order integral X = a^ (for any Vq and Vi), 
in addition to the trivial commuting operator X = I. Hence any integral of motion can be 
multiplied by a^ and there is a "doubling" of the number of integrals of a given order. 

We have set the Planck constant ^ = 1 in all calculations. Keeping h in the Hamiltonian 
and integrals of motion does not change any of the conclusions. In particular Vq and Vi do not 
depend on h. 

Ill The Three-Dimensional Case 

Let us now consider ([2]) and search for an integral of the form ([3]) which we rewrite as 

X = {Ao + A-a)pi + {Bo + B- a)p2 + {Cq + C ■ a)p3 + (f)o + (f ■ a 

~ |(Ao + i- a), + (5o + B ■ a)y + (Co + C ■ a),} , (16) 

where Aq, Bq, Cq, (po and Ai, Bi, Ci, (pi {i = 1,2,3) are all functions of r, to be determined 
from the commutativity condition [-f^, X] = 0. This commutator will have second-, first- and 
zeroth-order terms in the momenta. 

From the second-order terms we obtain 

Ao = bi- a^y + 02^, 5o = &2 + «3a; - aiz, Cq = b^ - a2X + aiy , (17) 

where a^ and hi are constants. We also obtain the following overdetermined system of 18 first- 
order quasilinear partial differential equations (PDF) for Ai, Bi, Ci and Vi 

2zAiVi + As,^ = , 2yA,Vi + A2,a: = , 2XB2V1 + Bi^y = , 
2ZB2V1 + 53,, = , 2xC^Vi + Ci,, = , 2yC^Vi + C2,. = , 

2Vi{yA2 + zA^) - Ai,, = , 2V^{xB^ + zB^,) - B2,y = , 

2V, (xC, + yC2) - C3,. = , 2zVi (A2 + B,) + A3,, + ^s,. = , 

2yV,{A3 + Ci) + A2,, + C2,. = , 2xV,{Bs + C2) + B^,, + C,,y = , 

2Vi{xA, + yA2 -zCi)- A3,. - C3,, = , 



2Vi(x5i + yB2 - ZC2) - 53,, - C^^y = , 
2Vi{xA2 - yB2 - zBs) + A,,y + B,,, = , 
2ViixA, + zA^ -yB,)- A^^y - B^,. = , 
2ViixAs - yC2 - ^Ca) + Ai,, + Ci,, = , 
2V,{yB:, - xC, - zC^) + ^2,, + C2,, = . (18) 



For any Vi ( IT8l) has the following solution 



Ai = 0, 


A2 = zw, A3 = -yw, 


Bi = —zw, 


B2 = 0, B3= xw, 


C\ = yw, 


C2 = -xw, C3 = 0^ 



(19) 

where w is an integration constant. 

The first-order terms provide a system of 9 first-order quasilinear PDE for Vi and (pi and 
3 first-order quasilinear PDE for 0o smd Ai, Bi, Ci. They also provide 9 second-order PDE 
for Ai, Bi, Ci and Vi, however, these are differential consequences of (TT8|) . The 12 first-order 
quasilinear PDE can be written as 

Vi{bi - asy + 2^3) + x{AoVi^ + BoViy + CqVi,) + 02. = , 
V,{h + a2Z - 2z(f)2) + x{AoVi, + B^Viy + C^Vi,) - ^3^ = , 
Vi{h2 - aiz + 2z<Pi) + y{AoVi^ + B^Viy + CqVi,) + 03^ = , 
Vi{h2 + a^x - 2x03) + y{AoVi, + B^Viy + CqVi,) - 0i. = , 
V^i(63 - a2X + 2x02) + z{AqVi^ + Sq^ij, + CqI^i.) + (piy = Q , 
Vi{h + ai2/ - 2#i) + 2;(AoFi, + ^o^i^ + C^Vi,) - 02, = , 

Vi{a2y + 032: - 2?/02 - 22:03) + 0i2. = , 

Vi{aiX + a^z - 2x01 - 2^:03) + 02y = , 

Vi (aix + a2y - 2x0i - 2y02) + 03. = , (20) 

where Aq, Bq and Cq are given in (IT7I) and 

0ox = 1^1 ((y^3x - a;A3y) + {xA2, - ZA2,) + {zA^y - yA^,) + (C2 - B3) 
+1^1, (zA2 - 7/^3) + Viy{zB2 - yB^) + Vl,(zC2 - yC^) , 

(poy = Vi (^{yBscc - xB^y) + (x52, - z52,) + {zBiy - yBi,) + (A3 - Ci] 
+Fi,(xA3 - 2:^1) + Fij,(x53 - 2;5i) + Fi,(xC3 -zCi), 

(poz = Vi (^iyC3c, - xCsy) + {xC2z - zC2x) + {zCxy - yCxz) + (5i - A2) 

+Vl,(yAi - XA2) + V^y{yB^ - XB2) + Fi.(yCi - XC2) . (21) 

The system of 9 PDE given in ( 120|) has a solution if the following conditions are satisfied: 

1. If6, ^0,^ = 1,2,3, then VI = ^. 

2. l{bi = Q,'ii,ihenVi = Vi{r). 



H = --A + - + -{a,L), (22) 



Finally, the zeroth-order terms in the commutator provide 8 more PDE that also involve Vq 
and are in general of second-order. In fact some of them are third-order differential equations, 
however, by using flTSl) they can be reduced the second-order ones. These equations are too long 
to be presented here. 

The complete discusion of the above determining equations is long and we cannot reproduce 
the details here so we just present some results. 

(a) A superintegrable system. 

The entire overdetermined system of equations can be solved for Vo = ^, Vi = ^. We obtain 
the Hamiltonian 

1a 1 1 

2^ + ;:^ + ^ 

with a 9-dimensional Lie algebra C of integrals of motion: 

Ji = Li + -ai , IIj = Pi ^^^ikiXkO'i , 

2 r^ 

S^ = -^a, + ^(f,a). (23) 

We see that J represents total angular momentum, 11 a "modified linear momentum" and S 
a "modified spin" . The algebra is isomorphic to a direct sum of the Euclidean Lie algebra e(3) 
with the algebra o(3) 

C ~ e(3) © o(3) = {J- S, II} © {S} . (24) 

These generators satisfy the following commutation relations 

[J, - s,, s,] = , [n„ s,] = , [n„ n,] = o , 

[Ji — Si, Jj — Sj] = ieijk{Jk — Sk) , [Ji — Si, Uj] = ieijkU-k ■ (25) 

It is interesting to note that the potentials in fl22l) are a purely quantum mechanical effect. 
Indeed if we reintroduce h into the Hamiltonian ([2]) and integral (fT6|) it will figure significantly 
in the determining equations (IT8l) . fl20|) and fl2T]) . The potentials in fl22|) are then modified to 

In the classical limit /i — i> both Vq and Vi vanish. 

Integrable and superintegrable quantum systems that have free motion as their classical 
limits also exist in the case of scalar particles^^'^^'^^ but they are related to third- and higher- 
order integrals of motion. 

(b) Spherical symmetry. 

For Vi = Vi{r), Vq = Vo(r) we obtain the well-known result that H commutes with total 
angular momentum J = L + ^a. 

A full discussion will be presented elsewhere. ^^ 

IV Conclusions 

We have shown that first-order integrability and superintegrability in the presence of spin- 
orbital interactions exist and are nontrivial. For n = 2 the superintegrable potentials do not 
depend on h whereas for n = 3 they vanish in the classical limit /i — > 0. Work is in progress 
on the search for superintegrable systems invariant under rotations and allowing second-order 
integrals of motion. 
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